BY THE NUMBERS
By Gerard J. St. John


Suppose you are offered a contract to work full time for thirty consecutive days.  The only open item is the amount of your compensation.  You have two compensation choices: (1) a lump sum amount of $300,000, or (2) a per diem rate starting at one penny for the first day, with each subsequent day’s pay being twice the amount of the previous day’s payment; thus, 1 cent on day one, 2 cents on day two, 4 cents on day three, 8 cents on day four, and so on throughout the thirty days of the contract.  Which method of compensation would you choose, the generous lump sum or the progressive sequence of smaller numbers?  As a practical matter, there is little doubt about the alternative you should select.  If you take the time to calculate the per diem rate through the thirty-day work life, you will find that the payment for the thirtieth day alone is $10,737,418.24.  The aggregate amount of all the payments exceeds $20 million.  Welcome to the world of geometric progressions.

This scenario was a fact situation presented to my grammar school class back in the 1940s to focus our attention on the subject of what is also called “geometric sequences” or “geometric series” of numbers.  It is the mathematical equivalent of rolling a snowball across a freshly fallen snowfield to create the huge base for a large snowman.  The “pennies-a-day” example made a big impression on me.  There was no question about which alternative I would choose.  It is now more than sixty years since I first heard that dramatic example of geometric progressions – and I have not had a single offer of employment on those terms.  On the other hand, I have encountered geometric progressions that did not produce the anticipated results.  One such progression was at the heart of Benjamin Franklin’s famous codicil.

Benjamin Franklin was a brilliant man.  On June 23, 1789, he wrote a codicil to his will.  In the codicil, Franklin specified that 1,000 pounds sterling would fund a trust for the benefit of Philadelphia.  The trust was to last for 200 years.  The fund was to be used to make small loans to young, married craftsmen, at the favorable rate of five percent interest.  Ben expected that, at the end of 100 years the money in the trust would be about £131,000, which would be pretty close to $524,000 in present-day currency.  At the 100-year mark, the codicil directed that $400,000 should be used for “public works.”  Thereafter, the trust would continue for the rest of its 200-year life.  If all went according to plan, there would be more than $16 million in the fund at the end of the year 200.  At that point, approximately 75% of the fund was to be distributed to the government of Pennsylvania, and the remainder to “the inhabitants of Philadelphia.”  All did not go according to plan.  Enormous industrial growth and the emergence of large corporations virtually eliminated the craftsman class of workers that Franklin envisioned as the immediate beneficiaries of the fund.  The demand for loans dried up.  The money sat idle.  At the end of 200 years, Franklin’s trust had a value of only $2,256,952.05. 

A less complicated geometric progression is the typical family tree.  Think about it.  Each of us has two parents, four grandparents, eight great-grandparents, and so on, ad infinitum, back into the murky past.  Mathematically speaking, we can be certain that this ratio applied throughout all human experience.  But when we trace our forbears back to the 30th generation, approximately to the year 1066 – the year of the Battle of Hastings – we calculate that 1,073,741,824 of our long forgotten forbears were alive and well.  That is more than one billion persons.  That seems impossible.  That is impossible!  That would mean we are related to nearly everyone who was alive in 1066, including the soldiers on both sides of the battle. 

This is not a new thought.  The subject has been frequently discussed by people who spend their time constructing family trees.  They believe that the questionable geometric result is a consequence of inbreeding and its effect on genealogical sequences.  Where people marry close relatives, the result is that one person often occupies multiple places on the family tree, thereby lowering the number of persons actually involved.  For example, we expect that each of us has eight great-grandparents.  However, where the parents are first cousins, the child will have only six great-grandparents because that child’s parents share a common set of grandparents.  In that circumstance, six persons occupy eight places on the tree.  Most genealogists point to the well documented example of King Alfonso XII of Spain, who had only four great-grandparents instead of the usual eight.  The mathematical effect of inbreeding is to reduce the number of persons on remote branches of the family tree.  This effect is called “pedigree collapse.”  
Don’t bet the house on a geometric progression – unless, of course, you happen to be related to the King of Spain.
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